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$\kappa(=k\Delta x)\leq 0.18$ , $35p.p.w.$ ($point$ per wave)
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3 PRK
$s$ (partitioned)RK [9]
$\{\begin{array}{l}p^{i+1}=p^{i}-c_{\dot{2}}\Delta tH_{q}(q^{i})q^{i+1}=q^{i}+d_{i}\Delta tH_{p}(p^{i+1})\end{array}$ (2)





$=2,3,4,$ $\cdots$ 3, 5, 8, $\cdots$ [9]. 2 3
4
3 3 6 5
$d=d_{1}+d_{2},$ $e=d_{1}d_{2}$ [15].
$c_{1}=1+\frac{1}{d_{1}d}G-\frac{d_{1}+d}{2}),$ $c_{2}= \frac{1}{d_{1}d_{2}}(\frac{d}{2}-\frac{1}{3}),$ $c_{3}=- \frac{1}{dd_{2}}.(\frac{d_{1}}{2}-\frac{1}{3})$ . (3)
$( \frac{d}{2}-\frac{1}{3})^{2}=\frac{e}{3}(d-\frac{3}{4}),$ $d_{1}\neq 0,$ $d_{2}\neq 0,$ $d \neq\frac{3}{4}$ . (4)
$e$ (4) $d$ (5)
$\mathcal{D}=d^{2}-4e\geq 0$ , $d< \frac{3}{4}$ or $d\geq d_{0}\simeq 2.218$ . (5)
$(d_{1},$ $d_{2})= \frac{1}{2}(d$ $\sqrt{d^{2}-4e})$ Or $(d_{1},$ $d_{2})= \frac{1}{2}(d\mp\sqrt{d^{2}-4e})$ . (6)
$(d_{1}, d_{2})$ (3) $d_{3}=1-d$
$-1$ $\theta$ 1 2 3 4 $-1$ $\theta$ 1 2 3 4
$d$ $d$
Figure 3.1: Stability limit $(G=\rho(M)\leq 1)$ and the phase error limit defined as
$|\nu^{*}-\nu|/\pi\leq 5\cdot 10^{-4}$ after Bogey & Bailly‘04) as a function of $d$
2
$d$ $\nu=\omega\Delta t$ 3.1
A,B (6) $A,$ $\mp$ $B$
[6] A $d=0$ A $d\simeq 0.7317\cdots$
[16] A,B A,B $d= \frac{4}{9}$ [15].





$\alpha f_{i-1}’+f_{i}’+\alpha f_{i+1}’=b\frac{f_{i+\frac{3}{2}}-f_{i-\frac{3}{2}}}{3\Delta x}+a\frac{f_{i+\frac{1}{2}}-f_{i-\frac{1}{2}}}{\Delta x}+e$ , (7)
$a= \frac{3}{8}(3-2\alpha),$ $b= \frac{1}{8}(22\alpha-1),$ $e= \frac{9-62\alpha}{1920}\triangle x^{4}f^{(5)}$ . (8)






$\kappa^{*}(0)=0$ , $\kappa^{*}(\pi)=\frac{2a-\frac{2}{3}b}{1-2\alpha}=\frac{7-10\alpha}{3(1-2\alpha)}$ (11)
[17]. $\kappa^{*},$ $\kappa$ $\kappa\in[0, \pi]$
$0< \alpha<\frac{3\pi-7}{6\pi-10}\simeq 0.27$ (12)







42 $\kappa_{1},$ $\kappa_{2},$ $\kappa_{3},$ $\kappa_{f}$
$e=|\kappa^{*}/\kappa-1|$ $\epsilon$
$\kappa_{1}$
$\epsilon$ $\kappa_{1}$ $\pi$ ( 4.1).
$\kappa_{2},$ $\kappa_{3}$
$\kappa_{2}=\max_{\kappa<\kappa_{1}}\kappa$ where $| \frac{\kappa^{*}}{\kappa}-1|\leq\epsilon$ , $\kappa_{3}=\max_{\kappa>\kappa_{1}}\kappa$ where $| \frac{\kappa^{*}}{\kappa}-1|\leq\epsilon$.
$\epsilon$
$\kappa_{1}$ $\kappa_{f}$
$\kappa_{f}=\max_{\kappa>0}\kappa$ where $| \frac{\kappa^{*}}{\kappa}-1|\leq\epsilon$ .
$\kappa_{f}$ $\kappa_{2}$ $\kappa_{3}$
$\kappa f=\min\{\kappa_{2}, \kappa_{3}\}$
$k_{f}$ $k_{2}$ $k_{3}$ $|(2$ $k_{3^{=}4}$
Figure 4.1: Schemetic illustration of $\kappa_{1},$ $\kappa_{2},$ $\kappa_{3}$ and $\kappa_{f}$
$\kappa_{2}=\frac{5}{6}\kappa_{1}$ $($ $4.2a).\kappa_{3}$ $\kappa_{1}$ 42(b)
$\kappa$ $\kappa_{1}$ e 42(c)
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$\kappa_{f}(\epsilon)$ 42(d) $\epsilon$ $\kappa_{1}$
$\kappa_{f}$ ( ’ ’) $\kappa$ $\alpha$
(13), $a,$ $b$ (8)
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Figure 4.2: Compact-staggered FD scheme CDS4/6
scheme $B$ $e$
$\epsilon=10^{-1}$ $\epsilon=10^{-6}$
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Figure 4.3: $\alpha,$ $a,$ $b$ and $c$ vs $\kappa_{1}$
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Figure 4.4: Optimized fourth-order compact staggered scheme
Table 1 $\epsilon$ and $r_{f}$
$\epsilon$ : tolerance of relative error $| \frac{\kappa^{*}}{\kappa}-1|,$ $r_{f}=\kappa f/\pi$ : resolving efficiency
$e4$ : explicit fourth-order, r6 : regular sixth-order,
s6 : staggered sixth-order etc.,
s4-opt: optimized schemes
5 PRK-




$\{\begin{array}{l}u_{i+1}=u_{i}+c_{i}\Delta t[-\frac{1}{\rho}(p’)_{i}]p_{i+1}=p_{i}+d_{i}\Delta t[-\rho c^{2}(u’)_{i+1}]\end{array}$ (14)
(4/6 )
$A_{f}(u’)=B_{f}u$ , $A_{c}(p’)=B_{c}p$ (15)
6
$(A_{f}, B_{f}\in R^{N}\cross R^{N+1}, A_{c}, B_{c}\in R^{N+1}\cross R^{N}, u\in R^{N+1},p\in R^{N})$ .
( )
$f_{j}= \sum_{j=-N/2}^{N/2-1}\hat{f}_{j}e^{ikx_{j}}$ , $(f_{j}^{f})_{fdm}= \sum_{j=-N/2}^{N/2-1}(i\kappa^{*}\hat{f}_{j})e^{ikx_{j}}$ (16)
$k$
$(\begin{array}{l}\hat{u}_{i+1}\hat{p}_{i+1}\end{array})=(\begin{array}{l}\hat{u}_{i}\hat{p}_{i}\end{array})\frac{M_{i+1}}{(-d_{i}\Delta t\rho 1c^{2}(ik^{*})1--c_{i}d_{i}(c\triangle tk^{*})^{2})}$
(17)
$(i=0, \cdots, s)$ . $s$ $M=M_{1}\cdots M_{s}$






$\omega^{*}\Delta t=\nu^{*},$ $\sigma=c\frac{\Delta t}{\triangle x},$ $\kappa^{*}=k^{*}\Delta x$
5.1 SPRK3-CDS4










$\sigma=c\Delta t/\Delta x$ $(k_{1}, d)$ 51
$\kappa_{1}$ CDS $\alpha=\alpha(k_{1})$ $0\leq\kappa_{1}\leq\pi$
$d$ SPRK3 $d<3/4$
$(k_{1}, d)\simeq(0,0.73)$ $\sigma_{\max}\simeq 1.7$ $d\geq 2/3$
$\sigma_{\max}$ $d<2/3$ $0.8\leq\sigma_{\max}\leq 1.2$
$\sigma_{\max}$ CDS6 CDS4
CDS6 $(\kappa_{1}=0)$ $d\geq 0.34$
10
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(21) $C_{3}= \frac{1}{2}c_{1}c_{2}c_{3}d_{1}d_{2}d_{3}$ : $C_{3}= \frac{7}{3456}\simeq$
$2.025\cdot 10^{-3}$ , : $C_{3}=1.076\cdot 10^{-3}$ , $A:C_{3}=\frac{5}{7776}(\frac{107}{2}-5\sqrt{\frac{209}{2}})\simeq$





(Dispersion Relation Preserving, DRP)
$\sigma$ $\kappa$ (23)
$V_{g}$ $\kappa$ $(\sigma, d)$ CDS6
52 $\kappa_{1}=0$ 6 CDS
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Figure 5.2: $\max k$ where $|V_{g}/\sigma-1|\leq\epsilon$ on $( \sigma, d )$ -plane for $\epsilon=10^{-2},10^{-3}$ and $10^{-4}$
6
[25]
$u_{t}+p_{x}=0$ , $p_{t}+u_{x}=0$ (24)
$p(0)= \cos(\frac{2\pi x}{a\Delta x})\exp(-\ln(2)(\frac{x}{b\Delta x})^{2}),$ $u(0)=p(0)$ (25)
$t_{F}=1000$ ,10000 $a=8,6,$ $b=12,$ $\Delta x=1$ ,
$-50\leq x\leq t_{F}+50$ LDD
9
(Stanescu[26], Calvo[27], Berland[28]) SPRK Ruth McLachlan
A, C CDS6
6.1
6.1 62 $t=1000$ ,10000 $a=8,6$ 63




6 $(\kappa=1.05)$ A CDS6
( 62). A CDS6 $\sigma=0.9$











4 3 3 symplectic PRK $V_{g}$
0.5 1.0 64 0.5 $V_{g}$
$10^{-3}$ $\kappa\leq 0.41\pi\simeq 1.29$
CDS6
( 65 ).
10 $V_{g}$ Ruth $V_{g}$




4 symplectic $\sigma\simeq 1.0$ $V_{g}$
10
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Figure 6.1: $a=8$ . $x’=x-ct$ . Top left to bottom right, RK46-Stanescu $(\sigma=0.6)$ ,
RK46-Calvo, RK46-Berland. Ruth $s$ method $(\sigma=0.9)$ , McLachlan $s$ coefficients, solution
$A$ , solution C.
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Figure 6.2: $a=6$ . $x’=x-ct$ . Top left to bottom right, RK46-Stanescu $(\sigma=0.6)$ ,
RK46-Calvo, RK46-Berland. Ruth $s$ method $(\sigma=0.9)$ , McLachlan $s$ coefficients, solution






$d\simeq 0.73$ $\sigma\simeq 1.7$ $(\kappa_{1}=0$ $)$ $\kappa_{1}$
$(\kappa_{1}\simeq\pi)$ $\sigma\simeq 1.45$
$V_{g}$ $V_{g}$ $\kappa_{1},$ $d$ , $\sigma$ (
) $\sigma\sim 1$ $\kappa_{1}$ $d$
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$\theta.l$
$\theta.\delta CFL^{1.2}$ 1. 0. $l$ $0.\delta CFL^{1.2}$ $l.6$
$a=8$
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Figure 6.4: Numerical group velocity of SPRK3-CDS6 methods
$\kappa\in(0, \pi)$ $V_{g}/\sigma\sim 1$ ( 65 ).
A$(d=4/9)+CDS4(\kappa_{1}=1.6)$
$\sigma_{\max=}1.01$ , $\kappa$f $=0.59\pi\simeq 1.85(\epsilon=10^{-3}),$ $|V_{g}/\sigma-1|\leq 5\cdot 10^{-3}$
$\kappa$max $=\pi$( $10^{-3}$ $\kappa_{\max=}1.2$ )
$A+CDS4(\kappa_{1}=1.2)$ $\sigma_{\max=}1.02,$ $\kappa f=1.2(\epsilon=10^{-4}),$ $1.5(\epsilon=$
$10^{-3}),$ $|V_{g}/\sigma-1|\leq 10^{-3}$ $\kappa_{\max}=2.2$ )
$\frac{1}{3}\leq d\leq 0.54\cdots$ , $\kappa_{1}=3(d-\frac{1}{3})\pi(0\leq\kappa_{1}\leq 2.1\cdots)$ (26)
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Coefficients of third-order symplectic time
Table A.1.
integration method
$\overline{solutionRuth}$A $\frac{c_{17}}{\frac,12421}(-7+\sqrt{\frac{209}{2}})$ $\frac{C_{2}\frac{3}{41}1}{12}$ $c_{3}- \frac{1}{24,(}\frac{1}{12}8-\sqrt{\frac{209}{2}})$ $d_{1} \frac{}{9}(1+\sqrt{\frac{38}{11}})\frac{2}{3,2}$ $d_{2}- \frac{2}{3,(}\frac{2}{9}1-\sqrt{\frac{38}{11}})$ $d_{3}1 \frac{5}{9}$
solution $B$ $- \frac{1}{12}(7+$ $)$ $-$ $\frac{1}{12}(S+$ $)$ $\frac{2}{9}(1$ - $)$ $\frac{2}{9}(1+\sqrt{\frac{38}{11}})$ $\frac{5}{9}$













Table B.l Coefficients of staggered compact schemes
CD$4s$ : staggered fourth-order, CD$6s$ : staggered sixth-order
note $e_{f}=1.0$ when $0.2671\leq\alpha\leq 0.3674$ for CD$6s\epsilon=10^{-1}$
16
Ruth $CsFL–0.5$





0.0 10 $k20$ 30
$0.0$ 1.0 2.0 3.0
$k$
Figure 6.5: $V_{g}$ at $\sigma=0.5,$ $d=0,4/9,0.5367\cdots$ $0.7397\cdots$
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Figure 6.5: Numerical group velocity at $\sigma=1.0$
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